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In this paper, the state estimation problem is investigated for stochastic genetic
regulatory networks (GRNs) with random delays and Markovian jumping parameters.
The delay considered is assumed to be satisfying a certain stochastic characteristic.
Meantime, the delays of GRNs are described by a binary switching sequence satisfying
a conditional probability distribution. The aim of this paper is to design a state
estimator to estimate the true states of the considered GRNs through the available out-
put measurements. By using Lyapunov functional and some stochastic analysis tech-
niques, the stability criteria of the estimation error systems are obtained in the form
of linear matrix inequalities under which the estimation error dynamics is globally
asymptotically stable. Then, the explicit expression of the desired estimator is shown.
Finally, a numerical example is presented to show the effectiveness of the proposed
results.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

It is well known that genetic regulatory networks (GRNs) have become an important new area in biological and biomed-
ical sciences and a large amount of outstanding results have been published in recent years [1–4]. Different kinds of com-
putational models have been applied to investigate the behaviors of GRNs, for example, Bayesian network models [5],
Petri net models [6], the Boolean models [7], and the differential equation models [8]. Among these models, the differential
equation model describes the rate of change of the concentrations of gene products, such as mRNAs and proteins, as contin-
uous values.

As one of the mostly investigated dynamical behaviors, the state estimation for GRNs has recently stirred increasing re-
search interest, see [9,10] and the references therein. In fact, this is a difficult issue since GRNs are complex nonlinear sys-
tems. Due to the complexity, it is often the case that only partial information about the states of the nodes is available in the
network outputs. In order to understand the GRNs better, it becomes necessary to estimate the states of the nodes through
available measurements. In [9], the robust H1 state estimation problem has been investigated for a class of discrete-time
stochastic genetic regulatory networks (GRNs) with probabilistic measurement delays. In [10], the robust H1 state
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estimation problem has been investigated for a general class of uncertain discrete-time stochastic neural networks with
probabilistic measurement delays.

Recently, GRNs with time-delays in the form of differential equations have received particular research attention
[9,11–13]. The main reason lies in the fact that the parameters and the saturation functions of GRNs cannot be measured
exactly [9]. Time delays can occur inevitably in transcription, translation, and translocation processes because of the slow
reaction process. Considering that time delays is inevitable in practice, we must take this case into account.

In practice, due to component failures or repairs and sudden environmental changes, the transition from one state to the
next usually takes place in accordance with certain transition probabilities. GRNs may be subject to network mode
switching, which is determined by a Markovian chain. It should be pointed out that, there are many results on the dynamic
analysis of Markovian switching systems [14–16], In [14], the stability analysis problem is investigated for a class of
Markovian jumping genetic regulatory networks (GRNs) with mixed time delays (discrete time delays and distributed time
delays) and stochastic perturbations. In [16], the problem of parameter-dependent robust stability analysis has been studied
for uncertain Markovian jump linear systems with time-varying delay. However, there are no papers to deal with the state
estimation for stochastic genetic regulatory networks (GRNs) with random delays and Markovian jumping parameters.

Motivated by the above discussion, in this paper, we focused on the state estimation problems for Markovian jumping
stochastic genetic regulatory networks (GRNs). Our aim is to derive sufficient conditions for the addressed problem by
employing Lyapunov functional, the free-weighting approach and the stochastic analysis techniques. Then the state estimate
gains can be designed. The rest of this paper is outlined in the following way. The problem addressed is presented and some
preliminaries are briefly provided in Section 2. In Section 3, a sufficient criteria is established in terms of linear matrix in
equalities (LMIs) and the explicit expression of the estimator gains is derived. In Section 3, a numerical example is provided
to demonstrate the effectiveness of the main results obtained.

Notation: Rn and Rn�m denote the n-dimensional Eculidean space, and the set of n�m real matrices; the superscript ‘‘T’’
stands for matrix transposition; I is the identity matrix of appropriate dimension; k � k stands for the Euclidean vector norm
or the induced matrix 2-norm as appropriate; the notation X > 0 (respectively, X P 0), for X 2 Rn�n means that the matrix X
is real symmetric positive definite (respectively, positive semi-definite). When x is a stochastic variable. For a matrix B and

two symmetric matrices A and C;
A �
B C

� �
denotes a symmetric matrix, where ⁄ denotes the entries implied by symmetry.

2. System description

Consider the following genetic regulatory network with Markovian jumping parameters and time delays present in [17]:
_mðtÞ ¼ �AðrðtÞÞmðtÞ þWðrðtÞÞgðpðt � rðtÞÞÞ
_pðtÞ ¼ �CðrðtÞÞ þ DðrðtÞÞmðt � sðtÞÞ

�
ð1Þ
where AðrðtÞÞ;WðrðtÞÞ;CðrðtÞÞ;DðrðtÞÞ are known constant matrices for a fixed system mode. The nonlinear function
gðyðtÞÞ ¼ ðg1ðy1ðtÞÞ; g2ðy2ðtÞÞ; . . . ; gnðynðtÞÞ; Þ

T denotes the feedback regulation of the protein on the transcription, which is

usually taken as the Hill form, i.e., giðyiðtÞÞ ¼ yhi

1þyhi
;hi is the Hill coefficient. rðtÞ and sðtÞ are the time-varying delays;

Let rðtÞ ðt P 0Þ be a right-continuous Markov chain on the probability space and take values in a finite space
S ¼ f1;2; . . . ;Ng with generator P ¼ ðpijÞN�N given by
P rðt þ dðtÞÞ ¼ j rðtÞ ¼ ikf g ¼
ðpij þ DpijÞdðtÞ þ oðdtÞ; if i – j

1þ ðpij þ DpijÞdðtÞ þ oðdtÞ; if i ¼ j

�

where dðtÞ > 0;pij P 0 is the known transition rate from i to j, if j – i while pii ¼ �
P

j–ipij. Then, the genetic regulatory net-
works (1) could be described by the following vector form:
_mðtÞ ¼ �AimðtÞ þWigðpðt � dðtÞÞÞ
_pðtÞ ¼ �CipðtÞ þ Dimðt � sðtÞÞ

�
ð2Þ
Assumption 1 [17]. Taking probability distribution of the time delays sðtÞ and rðtÞ, into account, for some given scalars s1

and r1, two sets of functions are defined as
X1 ¼ ft : sðtÞ 2 ½sm; s1Þg; X2 ¼ ft : sðtÞ 2 ½s1; sM�g
X3 ¼ ft : rðtÞ 2 ½rm;r1Þg; X4 ¼ ft : rðtÞ 2 ½r1;rM�g

s1ðtÞ ¼
sðtÞ for t 2 X1

0 for t 2 X2

�
; s2ðtÞ ¼

sðtÞ for t 2 X2

0 for t 2 X1

�

r1ðtÞ ¼
rðtÞ for t 2 X3

0 for t 2 X4

�
; r2ðtÞ ¼

rðtÞ for t 2 X4

0 for t 2 X3

�
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From the definitions of the X1;X2;X3 and X4, it can be easily seen that t 2 X1 means that the event sðtÞ 2 ½sm; s1Þ occurs,
t 2 X2 means that the event sðtÞ 2 ½s1; sM � occurs, t 2 X3 means that the event rðtÞ 2 ½rm;r1Þ occurs and t 2 X4 means that
the event rðtÞ 2 ½r1;rM� occurs.

Therefore, the stochastic variables aðtÞ; bðtÞ can be define as
aðtÞ ¼
1; t 2 X1

0; t 2 X2

�
; bðtÞ ¼

1; t 2 X3

0; t 2 X4

�

Assumption 2. aðtÞ; bðtÞ are Bernoulli distributed sequences with
ProbfaðtÞ ¼ 1g ¼ EfaðtÞg ¼ a0; ProbfaðtÞ ¼ 0g ¼ 1� EfaðtÞg ¼ 1� a0:

ProbfbðtÞ ¼ 1g ¼ EfbðtÞg ¼ b0; ProbfbðtÞ ¼ 0g ¼ 1� EfbðtÞg ¼ 1� b0:
where 0 6 a0 6 1;0 6 b0 6 1 are constants and EfaðtÞg and EfbðtÞg are the expectation of aðtÞ; bðtÞ respectively.
Remark 1. It should be noticed from Assumption 2 that
EfaðtÞg ¼ a0; EfðaðtÞ � a0Þ2g ¼ a0ð1� a0Þ; EfbðtÞg ¼ b0; EfðbðtÞ � b0Þ
2g ¼ b0ð1� b0Þ
Assumption 3. Since gð�Þ is a monotonically increasing function with saturation, from the definition of gð�Þ, we can find that
gð�Þ satisfies the following condition
gðyiÞðgiðyiÞ � kyiÞ 6 0 ðyi – 0; i ¼ 1;2; . . . ; nÞ ð3Þ

By Assumptions 1 and 2, the system (2) can be rewritten as
_mðtÞ ¼ �AimðtÞ þ bðtÞWigðpðt � r1ðtÞÞÞ þ ð1� bðtÞÞWigðpðt � r2ðtÞÞÞ
_pðtÞ ¼ �CipðtÞ þ aðtÞDimðt � s1ðtÞÞ þ ð1� aðtÞÞDimðt � s2ðtÞÞ

�
ð4Þ
For the complexity of large-scale networks, only partial information about the gene states is available. Therefore, in order
to obtain the true states of the GRNs, we need to estimate the gene states from available measurements. Similar to Refs.
[9,18], we can assume the network measurements to be given as follows:
zmðtÞ ¼ MmðtÞ
zpðtÞ ¼ NpðtÞ

�
ð5Þ
where zmðtÞ; zpðtÞ 2 Rm are the actual measurement outputs and M;N are known constant matrices with appropriate
dimensions.

In this paper, based on the available network outputs in (5), we construct the following state estimator for the GRNs (4):
_̂mðtÞ ¼ �Aim̂ðtÞ þ K1i½zmðtÞ � ẑmðtÞ�
_̂pðtÞ ¼ �Cip̂ðtÞ þ K2i½zpðtÞ � ẑpðtÞ�

(
ð6Þ
and
ẑmðtÞ ¼ Mm̂ðtÞ
ẑpðtÞ ¼ Np̂ðtÞ

(
ð7Þ
where ẑmðtÞ; ẑpðtÞ 2 Rn�n are the estimations of mðtÞ; pðtÞ and K1i;K2i 2 Rn�m is the estimate gain matrix to be designed later.
The main objective of this paper is to find suitable observer gains K1i and K2i, so that ẑmðtÞ and ẑpðtÞ, respectively, approach

to mðtÞ and pðtÞ.
By setting the estimation error �mðtÞ ¼ mðtÞ � m̂ðtÞ; �pðtÞ ¼ pðtÞ � p̂ðtÞ and the output errors be �zmðtÞ ¼ zmðtÞ � ẑmðtÞ;

�zpðtÞ ¼ zpðtÞ � ẑpðtÞ, the error dynamics of the state estimation can be obtained from (4)–(7) as follows:
_�mðtÞ ¼ �ðAi þ K1iMÞ �mðtÞ þ bðtÞWigðpðt � r1ðtÞÞÞ þ ð1� bðtÞÞWigðpðt � r2ðtÞÞÞ
_�pðtÞ ¼ �ðCi þ K2iNÞ�pðtÞ þ aðtÞDimðt � s1ðtÞÞ þ ð1� aðtÞÞDimðt � s2ðtÞÞ

(
ð8Þ
Remark 2. aðtÞ and bðtÞ are introduced to describe the distribution information of the random delay, from which we can
derive less conservative conditions For example, the piecewise analysis method for delayed systems has been employed in
[19,20]. Furthermore, we could use the delay-partitioning approach to further reduce conservatism of the system analysis.
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Before giving the main result, we will firstly introduce the following definition and lemmas, which will help us in deriving
the main results.

Definition 1 [21]. For a given function V : Cb
F0
ð½�sM;0�;RnÞ � S, its infinitesimal operator L is defined as
LðVgðtÞÞ ¼ lim
D!0þ

1
D
½EðVðgt þ DÞjgtÞ � VðgtÞ�
Lemma 1 [22]. For any vectors x; y 2 Rn, and positive definite matrix Q 2 Rn�n, the following inequality holds:
2xT y 6 xT Qxþ yT Q�1y
Lemma 2 [23]. N1;N2 and X are matrices with appropriate dimensions, sðtÞ is a function of t and s1 6 sðtÞ 6 s2, then

½ðsðtÞ � s1ÞN1 þ ðs2 � sðtÞÞN2� þX < 0
if and only if the following two inequalities hold
ðs2 � s1ÞN1 þX < 0
ðs2 � s1ÞN2 þX < 0
3. Main results

In this section, we will invest the estimation problem for the GRNs (8). A sufficient condition is established, such
that the estimation error system to be globally asymptotically stable. Then, according to the analysis results, the
schemes to design the estimator gain matrix K1i and K2i are derived in terms of the solution to certain matrix
inequalities.

Theorem 1. The system (8) is asymptotically stable for given scalars 0 6 sm 6 sðtÞ 6 sM;0 6 rm 6 rðtÞ 6 rM; s1;r1; k, and the
estimator gain matrix K1i and K2i in (8) if there exist positive definite matrices �Q1i > 0; �R1i > 0;Q1i > 0;R1i > 0
ði 2 SÞ; �Qi > 0; �Ri > 0;Qi > 0;Ri > 0ði ¼ 2;3; . . . ;6Þ;Ki ¼ diagðki1; ki2; . . . ; kinÞ > 0 (i ¼ 1;2) and �Mi; �Ni; �Ti;

�Si; �Vi; �Wi;
�Gi; �Fi;Mi;

Ni; Ti; Si;Vi;Wi;Gi; Fi 2 R6�1, such that the following LMIs hold:
Uðl; sÞ ¼

U11 � � � � � �
U21 U22 � � � � �
U31 U32 U33 � � � �

U41ðlÞ 0 0 U44 � � �
0 U52ðsÞ 0 0 U55 � �
0 0 U63ðlÞ 0 0 U66 �
0 0 0 U74ðsÞ 0 0 U77

2
666666666664

3
777777777775
< 0; ðl; s ¼ 1;2;3;4Þ ð9Þ
where
U11 ¼

P11 þ �C1i þ �CT
1i � � �

P21 P22 þ �C2i þ �CT
2i � �

0 0 P33 þ C1i þ CT
1i �

P41 0 0 P44 þ C2i þ CT
2i

2
66664

3
77775

U21 ¼ P211 0 P213 P214½ �; U22 ¼ diagf�2K1;�2K2g

U31 ¼

U311 0 0 0
0 U322 U323 0
0 0 U333 0
0 0 U343 U344

2
6664

3
7775; U32 ¼ D1 02�4 D2 02�4½ �

U33 ¼ diagf��Q 5;��Q 6;��Q5;��Q6;��R5;��R6;��R5;��R6;�Q 5;�Q 6;�Q5;�Q6;�R5;�R6;�R5;�R6g

U41ð1Þ ¼
ffiffiffiffiffiffiffi
d10
p �NT

iffiffiffiffiffiffiffi
d11
p �ST

i

" #
; U41ð2Þ ¼

ffiffiffiffiffiffiffi
d10
p �NT

iffiffiffiffiffiffiffi
d11
p �TT

i

" #
; U41ð3Þ ¼

ffiffiffiffiffiffiffi
d10
p �MTffiffiffiffiffiffiffi

d11
p �ST

i

" #
; U41ð4Þ ¼

ffiffiffiffiffiffiffi
d10
p �MT

iffiffiffiffiffiffiffi
d11
p �TT

i

" #
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U52ð1Þ ¼
ffiffiffiffiffiffiffi
d20
p �WT

iffiffiffiffiffiffiffi
d21
p �FT

i

" #
; U52ð2Þ ¼

ffiffiffiffiffiffiffi
d20
p �WT

iffiffiffiffiffiffiffi
d21
p �GT

i

" #
; U52ð3Þ ¼

ffiffiffiffiffiffiffi
d20
p �VT

iffiffiffiffiffiffiffi
d21
p �FT

" #
; U52ð4Þ ¼

ffiffiffiffiffiffiffi
d20
p �VT

iffiffiffiffiffiffiffi
d21
p �GT

i

" #

U63ð1Þ ¼
ffiffiffiffiffiffiffi
d10
p

NT
iffiffiffiffiffiffiffi

d11
p

ST
i

" #
; U63ð2Þ ¼

ffiffiffiffiffiffiffi
d10
p

NT
iffiffiffiffiffiffiffi

d11
p

TT
i

" #
; U63ð3Þ ¼

ffiffiffiffiffiffiffi
d10
p

MT
iffiffiffiffiffiffiffi

d11
p

ST
i

" #
; U63ð4Þ ¼

ffiffiffiffiffiffiffi
d10
p

MT
iffiffiffiffiffiffiffi

d11
p

TT
i

" #

U74ð1Þ ¼
ffiffiffiffiffiffiffi
d20
p

WT
iffiffiffiffiffiffiffi

d21
p

FT
i

" #
; U74ð2Þ ¼

ffiffiffiffiffiffiffi
d20
p

WT
iffiffiffiffiffiffiffi

d21
p

GT
i

" #
; U74ð3Þ ¼

ffiffiffiffiffiffiffi
d20
p

VT
iffiffiffiffiffiffiffi

d21
p

FT
i

" #
; U74ð4Þ ¼

ffiffiffiffiffiffiffi
d20
p

VT
iffiffiffiffiffiffiffi

d21
p

GT
i

" #

U44 ¼ diagf��Q 5;��Q 6g;U55 ¼ diagf��R5;��R6g;U66 ¼ diagf�Q 5;�Q 6g;U77 ¼ diagf�R5;�R6g

P21 ¼

0 0 a0
�R1iDi 0 ð1� a0Þ�R1iDi 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775
; P41 ¼

0 0 a0R1iDi 0 ð1� a0ÞR1iDi 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
666666664

3
777777775

P11 ¼ diagf!̂1;��Q 2;0;��Q 3;0;��Q4g; P22 ¼ diagf!̂2;��R2;0;��R3;0;��R4g
P33 ¼ diagf!1;�Q 2;0;�Q 3;0;�Q4g; P44 ¼ diagf!2;�R2;0;�R3;0;�R4g

!̂1 ¼ ��Q 1iAi � AT
i

�Q1i � �Q 1iK1iM �MT KT
1i

�Q T
1i þ �Q2 þ �Q3 þ �Q 4 þ

XN

j¼1

pij
�Q1j

!̂2 ¼ ��R1iCi � CT
i
�R1i � �R1iK2iN � NT KT

2i
�R1i þ �R2 þ �R3 þ �R4 þ

XN

j¼1

pij
�R1j

!1 ¼ �Q 1iAi � AT
i QT

1i � Q 1iK1iM �MT KT
1iQ

T
1i þ Q2 þ Q3 þ Q 4 þ

XN

j¼1

pijQ1j

!2 ¼ �R1iCi � CT
i R1i � R1iK2iN � NT KT

2iR
T
1i þ R2 þ R3 þ R4 þ

XN

j¼1

pijR1j

P211 ¼
b0WT

i
�Q 1i 0 0 0 0 0

ð1� b0ÞWT
i

�Q 1i 0 0 0 0 0

" #
; P213 ¼

b0WT
i Q 1i 0 0 0 0 0

ð1� b0ÞWT
i Q 1i 0 0 0 0 0

" #

P214 ¼
0 0 kK1 0 0 0
0 0 0 0 kK2 0

� �
; U311 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q5ðAi þ K1iMÞ 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
�Q 6ðAi þ K1iMÞ 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q5ðAi þ K1iMÞ 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q 6ðAi þ K1iMÞ 0 0 0 0 0

2
66664

3
77775

U322 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p �R5ðCi þ K2iNÞ 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p �R6ðCi þ K2iNÞ 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
�R5ðCi þ K2iNÞ 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
�R6ðCi þ K2iNÞ 0 0 0 0 0

2
66664

3
77775

U323 ¼

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p �R5Di 0 0 0

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p �R6Di 0 0 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
�R5Di 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
�R6Di 0

2
66664

3
77775

U333 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
Q 5Ai 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
Q 6Ai 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
Q 5Ai 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
Q6Ai 0 0 0 0 0

2
66664

3
77775; U344 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p

R5Ci 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p

R6Ci 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
R5Ci 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
R6Ci 0 0 0 0 0

2
66664

3
77775

U343 ¼

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p

R5Di 0 0 0
0 0

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p

R6Di 0 0 0
0 0 0 0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
R5Di 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
R6Di 0

2
66664

3
77775
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D1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q 5Wi 0ffiffiffiffiffiffiffiffiffiffiffiffi

b0d11
p

�Q 6Wi 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q5Wi

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q 6Wi

2
66664

3
77775; D2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
Q 5Wi 0ffiffiffiffiffiffiffiffiffiffiffiffi

b0d11
p

Q 6Wi 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
Q 5Wi

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
Q6Wi

2
66664

3
77775

�C1i ¼ 0 �Mi � �Mi þ �Ni ��Ni þ �Ti ��Ti þ �Si ��Si

� �
�C2i ¼ 0 �Vi ��Vi þ �Wi � �Wi þ �Gi ��Gi þ �Fi ��Fi

� �
C1i ¼ 0 Mi �Mi þ Ni �Ni þ Ti �Ti þ Si �Si½ �
C2i ¼ 0 Vi �Vi þWi �Wi þ Gi �Gi þ Fi �Fi½ �
d1 ¼ sM � sm; d10 ¼ s1 � sm; d11 ¼ sM � s1; d2 ¼ rM � rm; d20 ¼ r1 � rm; d21 ¼ rM � r1:
Proof. Choose the following Lyapunov function for system (7):
VðtÞ ¼ V1ðtÞ þ V2ðtÞ þ V3ðtÞ ð10Þ
where
V1ðtÞ ¼ �mTðtÞ�Q1ðrðtÞÞ �mðtÞ þ �pTðtÞ�R1ðrðtÞÞ�pðtÞ þmTðtÞQ 1ðrðtÞÞmðtÞ þ pTðtÞR1ðrðtÞÞpðtÞ

V2ðtÞ ¼
Z t

t�sm

�mTðsÞ�Q 2 �mðsÞdsþ
Z t

t�s1

�mTðsÞ�Q 3 �mðsÞdsþ
Z t

t�sM

�mTðsÞ�Q 4 �mðsÞdsþ
Z t

t�rm

�pTðsÞ�R2�pðsÞds

þ
Z t

t�r1

�pTðsÞ�R3�pðsÞdsþ
Z t

t�rM

�pTðsÞ�R4�pðsÞdsþ
Z t

t�sm

mTðsÞQ 2mðsÞdsþ
Z t

t�s1

mTðsÞQ3mðsÞds

þ
Z t

t�sM

mTðsÞQ 4mðsÞdsþ
Z t

t�rm

pTðsÞR2pðsÞdsþ
Z t

t�r1

pTðsÞR3pðsÞdsþ
Z t

t�rM

pTðsÞR4pðsÞds

V3ðtÞ ¼
Z t�sm

t�s1

Z t

s

_�mTðvÞ�Q5
_�mðvÞdvdsþ

Z t�s1

t�sM

Z t

s

_�mTðvÞ�Q6
_�mðvÞdvdsþ

Z t�rm

t�r1

Z t

s

_�pTðvÞ�R5
_�pðvÞdvds

þ
Z t�r1

t�rM

Z t

s

_�pTðvÞ�R6
_�pðvÞdvdsþ

Z t�sm

t�s1

Z t

s

_mTðvÞQ 5 _mðvÞdvdsþ
Z t�s1

t�sM

Z t

s
mTðvÞQ 6 _mðvÞdvds

þ
Z t�rm

t�r1

Z t

s

_pTðvÞR5 _pðvÞdvdsþ
Z t�r1

t�rM

Z t

s

_pTðvÞR6 _pðvÞdvds
Taking the time derivative of VðtÞ along the trajectory of system (8), and taking expectation on it, we have
EfLV1ðtÞg ¼ 2 �mTðtÞ�Q 1i �ðAi þ K1iMÞ �mðtÞ þ b0Wigðpðt � r1ðtÞÞÞ þ ð1� b0ÞWigðpðt � r2ðtÞÞÞ½ �

þ
XN

j¼1

pij �mTðtÞ�Q1j �mðtÞ þ 2�pTðtÞ�R1i �ðCi þ K2iNÞ�pðtÞ þ a0Dimðt � s1ðtÞÞ þ ð1� a0ÞDimðt � s2ðtÞÞ½ �

þ
XN

j¼1

pij�pTðtÞ�R1j�pðtÞ þ 2mTðtÞQ1i �AimðtÞ þ b0Wigðpðt � r1ðtÞÞÞ þ ð1� b0ÞWigðpðt � r2ðtÞÞÞ½ �

þ
XN

j¼1

pijmTðtÞQ1jmðtÞ þ 2pTðtÞR1i �CipðtÞ þ a0Dimðt � s1ðtÞÞ þ ð1� a0ÞDimðt � s2ðtÞÞ½ �

þ
XN

j¼1

pijpTðtÞR1jpðtÞ ð11Þ

EfLV2ðtÞg ¼ �mTðtÞ �Q 2 þ �Q 3 þ �Q 4
� �

�mðtÞ þ �pTðtÞ �R2 þ �R3 þ �R4
� �

�pðtÞ � �mTðt � smÞ�Q2 �mðt � smÞ � �mTðt � sMÞ�Q 4 �mðt
� sMÞ � �mTðt � s1Þ�Q3 �mðt � s1Þ � �pTðt � rmÞ�R2�pðt � rmÞ � �pTðt � rMÞ�R4�pðt � rMÞ � �pTðt � r1Þ�R3�pðt
� r1Þ þmTðtÞ Q2 þ Q 3 þ Q 4½ �mðtÞ þ pTðtÞ R2 þ R3 þ R4½ �pðtÞ �mTðt � smÞQ 2mðt � smÞ �mTðt
� s1ÞQ3mðt � s1Þ �mTðt � sMÞQ4mðt � sMÞ � pTðt � rmÞR2pðt � rmÞ � pTðt � r1ÞR3pðt � r1Þ
� pTðt � rMÞR4pðt � rMÞ ð12Þ
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EfLV3ðtÞg ¼ _�mTðtÞ d10
�Q 5 þ d11

�Q6
� �

_�mðtÞ þ _�pTðtÞ d20
�R5 þ d21

�R6
� �

_�pðtÞ þ _mTðtÞ d10Q 5 þ d11Q 6½ � _mðtÞ

þ _pTðtÞ d20R5 þ d21R6½ � _pðtÞ �
Z t�sm

t�s1

_�mTðsÞ�Q 5
_�mðsÞds�

Z t�s1

t�sM

_�mTðsÞ�Q 6
_�mðsÞds�

Z t�rm

t�r1

_�pTðsÞ�R5
_�pðsÞds

�
Z t�r1

t�rM

_�pTðsÞ�R6
_�pðsÞds�

Z t�sm

t�s1

_mTðsÞQ5 _mðsÞds�
Z t�s1

t�sM

_mTðsÞQ6 _mðsÞds�
Z t�rm

t�r1

_pTðsÞR5 _pðsÞds

�
Z t�r1

t�rM

_pTðsÞR6 _pðsÞds ð13Þ
Notice that
E L _�mTðtÞ�Q _�mðtÞ
� �� 	

¼ b0 �ðAi þ K1iMÞ �mðtÞ þWigðpðt � r1ðtÞÞÞ½ �T �Q �ðAi þ K1iMÞ �mðtÞ þWigðpðt � r1ðtÞÞÞ½ � þ ð1

� b0ÞH
T
1

�QH1 ð14Þ

E L _�pTðtÞ�R _�pðtÞ
� �� 	

¼ a0 �ðCi þ K2iNÞ�pðtÞ þ Dimðt � s1ðtÞÞ½ �T �R �ðCi þ K2iNÞ�pðtÞ þ Dimðt � s1ðtÞÞ½ � þ ð1� a0ÞHT
2
�RH2 ð15Þ

E L _mTðtÞQ _mðtÞ
� �� 	

¼ b0 �AimðtÞ þWigðpðt � r1ðtÞÞÞ½ �T Q �AimðtÞ þWigðpðt � r1ðtÞÞÞ½ � þ ð1

� b0Þ �AimðtÞ þWigðpðt � r2ðtÞÞÞ½ �T Q �AimðtÞ þWigðpðt � r2ðtÞÞÞ½ � ð16Þ

E L _pTðtÞR _pðtÞ
� �� 	

¼ a0 �CipðtÞ þ Dimðt � s1ðtÞÞ½ �T R �CipðtÞ þ Dimðt � s1ðtÞÞ½ � þ ð1

� a0Þ �CipðtÞ þ Dimðt � s2ðtÞÞ½ �T R �CipðtÞ þ Dimðt � s2ðtÞÞ½ � ð17Þ
where �Q ¼ d10
�Q 5 þ d11

�Q 6; �R ¼ d20
�R5 þ d21

�R6;Q ¼ d10Q 5 þ d11Q6;R ¼ d20R5 þ d21R6;H ¼ �ðAi þ K1iMÞ �mðtÞ þWigðpðt � r2ðtÞÞÞ;
H2 ¼ �ðCi þ K2iNÞ�pðtÞ þ Dimðt � s2ðtÞÞ.

Then, by employing free weight matrix method [24,25], we have
2�nT
1ðtÞ �Mi �mðt � smÞ � �mðt � s1ðtÞÞ �

Z t�sm

t�s1ðtÞ
_�mðsÞds

" #
¼ 0 ð18Þ

2�nT
1ðtÞ�Ni �mðt � s1ðtÞÞ � �mðt � s1Þ �

Z t�s1ðtÞ

t�s1

_�mðsÞds
� �

¼ 0 ð19Þ

2�nT
1ðtÞ�Ti �mðt � s1Þ � �mðt � s2ðtÞÞ �

Z t�s1

t�s2ðtÞ
_�mðsÞds

" #
¼ 0 ð20Þ

2�nT
1ðtÞ�Si �mðt � s2ðtÞÞ � �mðt � sMÞ �

Z t�s2ðtÞ

t�sM

_�mðsÞds
� �

¼ 0 ð21Þ

2�nT
2ðtÞ�Vi �pðt � rmÞ � �pðt � r1ðtÞÞ �

Z t�rm

t�r1ðtÞ
_�pðsÞds

" #
¼ 0 ð22Þ

2�nT
2ðtÞ �Wi �pðt � r1ðtÞÞ � �pðt � r1Þ �

Z t�r1ðtÞ

t�r1

_�pðsÞds
� �

¼ 0 ð23Þ

2�nT
2ðtÞ�Gi �pðt � r1Þ � �pðt � r2ðtÞÞ �

Z t�r1

t�r2ðtÞ
_�pðsÞds

" #
¼ 0 ð24Þ

2�nT
2ðtÞ�Fi �pðt � r2ðtÞÞ � �pðt � rMÞ �

Z t�r2ðtÞ

t�rM

_�pðsÞds
� �

¼ 0 ð25Þ

2nT
1ðtÞMi mðt � smÞ �mðt � s1ðtÞÞ �

Z t�sm

t�s1ðtÞ
_mðsÞds

" #
¼ 0 ð26Þ

2nT
1ðtÞNi mðt � s1ðtÞÞ �mðt � s1Þ �

Z t�s1ðtÞ

t�s1

_mðsÞds
� �

¼ 0 ð27Þ

2nT
1ðtÞTi mðt � s1Þ �mðt � s2ðtÞÞ �

Z t�s1

t�s2ðtÞ
_mðsÞds

" #
¼ 0 ð28Þ

2nT
1ðtÞSi mðt � s2ðtÞÞ �mðt � sMÞ �

Z t�s2ðtÞ

t�sM

_mðsÞds
� �

¼ 0 ð29Þ
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2nT
2ðtÞVi pðt � rmÞ � pðt � r1ðtÞÞ �

Z t�rm

t�r1ðtÞ
_pðsÞds

" #
¼ 0 ð30Þ

2nT
2ðtÞWi pðt � r1ðtÞÞ � pðt � r1Þ �

Z t�r1ðtÞ

t�r1

_pðsÞds
� �

¼ 0 ð31Þ

2nT
2ðtÞGi pðt � r1Þ � pðt � r2ðtÞÞ �

Z t�r1

t�r2ðtÞ
_pðsÞds

" #
¼ 0 ð32Þ

2nT
2ðtÞFi pðt � r2ðtÞÞ � pðt � rMÞ �

Z t�r2ðtÞ

t�rM

_pðsÞds
� �

¼ 0 ð33Þ
where
�nT
1ðtÞ ¼ �mTðtÞ �mTðt � smÞ �mTðt � s1ðtÞÞ �mTðt � s1Þ �mTðt � s2ðtÞÞ �mTðt � sMÞ

� �T

�nT
2ðtÞ ¼ �pTðtÞ �pTðt � rmÞ �pTðt � r1ðtÞÞ �pTðt � r1Þ �pTðt � r2ðtÞÞ �pTðt � rMÞ

� �T

nT
1ðtÞ ¼ mTðtÞ mTðt � smÞ mTðt � s1ðtÞÞ mTðt � s1Þ mTðt � s2ðtÞÞ mTðt � sMÞ

� �T

nT
2ðtÞ ¼ pTðtÞ pTðt � rmÞ pTðt � r1ðtÞÞ pTðt � r1Þ pTðt � r2ðtÞÞ pTðt � rMÞ

� �T
On the other hand, by sector condition (3), it follows that
�2gTðpðt � riðtÞÞÞKigðpðt � riðtÞÞÞ þ 2kgTðpðt � riðtÞÞÞKipðt � riðtÞÞP 0 ð34Þ
where Ki ¼ diag ki1; ki2; . . . ; kinð Þ > 0
From (11)–(34) and by Lemma 1, we can easily obtain that
EfLVðtÞg ¼ fTðtÞ
U11 �
U21 U22

" #
fðtÞ þ E L _�mTðtÞ�Q _�mðtÞ

� �� 	
þ E L _�pTðtÞ�R _�pðtÞ

� �� 	
þ E L _mTðtÞQ _mðtÞ

� �� 	
þ E L _pTðtÞR _pðtÞ

� �� 	
þ s1ðtÞ � smð Þ�nT

1ðtÞ �Mi
�Q�1

5
�MT

i
�n1ðtÞ þ s1 � s1ðtÞð Þ�nT

1ðtÞ�Ni
�Q�1

5 NT
i
�n1ðtÞ

þ s2ðtÞ � s1ð Þ�nT
1ðtÞ�Ti

�Q�1
6 TT

i
�n1ðtÞ þ sM � s2ðtÞð Þ�nT

1ðtÞ�Si
�Q�1

6 ST
i
�n1ðtÞ þ r1ðtÞ � rmð Þ�nT

2ðtÞ�Vi
�R�1

5
�VT

i n2ðtÞ

þ r1 � r1ðtÞð Þ�nT
2ðtÞ �Wi

�R�1
5

�WT
i
�n2ðtÞ þ r2ðtÞ � r1ð Þ�nT

2ðtÞ�Gi
�R�1

6
�GT

i
�n2ðtÞ þ rM � r2ðtÞð Þ�nT

2ðtÞ�Fi
�R�1

6
�FT

i
�n2ðtÞ

þ s1ðtÞ � smð ÞnT
1ðtÞMiQ

�1
5 MT

i n1ðtÞ þ s1 � s1ðtÞð ÞnT
1ðtÞNiQ

�1
5 NT

i n1ðtÞ þ s2ðtÞ � s1ð ÞnT
1ðtÞTiQ

�1
6 TT

i n1ðtÞ

þ sM � s2ðtÞð ÞnT
1ðtÞSiQ

�1
6 ST

i n1ðtÞ þ r1ðtÞ � rmð ÞnT
2ðtÞViR

�1
5 VT

i n2ðtÞ þ r1 � r1ðtÞð ÞnT
2ðtÞWiR

�1
5 WT

i n2ðtÞ

þ r2ðtÞ � r1ð ÞnT
2ðtÞGiR

�1
6 GT

i n2ðtÞ þ rM � r2ðtÞð ÞnT
2ðtÞFiR

�1
6 FT

i n2ðtÞ ð35Þ
where fTðtÞ ¼ nT
1ðtÞ nT

2ðtÞ gTðpðt � r1ðtÞÞÞ gTðpðt � r2ðtÞÞÞ
� �T .

Subsequently, by Lemma 2 and the well-known Schur complement, from (9), we can conclude that
EfLVðtÞg 6 0 ð36Þ
Then, by Lyapunov stability theory, the system (8) is globally asymptotic stable.
Remark 3. As mentioned in the Introduction section, GRNs have received a great deal of attention, and many results on
the topic have been available. However, the methods cannot be applied to state estimation problem with randomly occur-
ring probability distribution of the time delays. Instead of only one variable, there are two variables in the GRNs (8), which
increase the difficulty and take us great effort. After some rigorous and complex deducing process, the criteria are
obtained which are used to guaranteed the dynamics of the estimation error system (8) globally asymptotic stable in
the mean square.

Based on Theorem 1, we are now in a position to design the state estimator for the complex networks (1). The following
Theorem 2 gives the explicit expression of the estimator gain matrix K1i and K2i ði 2 SÞ.

Theorem 2. For given scalars 0 6 sm 6 sðtÞ 6 sM;0 6 rm 6 rðtÞ 6 rM; s1;r1; k; eiði ¼ 1;2;3;4Þ, the augmented system (8)
is exponentially stable, if there exist positive definite matrices �Q1i > 0; �R1i > 0;Q1i > 0;R1i > 0
ði 2 SÞ; �Qi > 0; �Ri > 0;Qi > 0;Ri > 0ði ¼ 2;3; . . . ;6Þ;Ki ¼ diagðki1; ki2; . . . ; kinÞ > 0 (i ¼ 1;2) and �Mi; �Ni; �Ti;

�Si; �Vi; �Wi;
�Gi; �Fi;Mi;

Ni; Ti; Si;Vi;Wi;Gi; Fi 2 R6�1 satisfying the following LMIs hold:
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�Uðl; sÞ ¼

�U11 � � � � � �
U21 U22 � � � � �
�U31

�U32
�U33 � � � �

U41ðlÞ 0 0 U44 � � �
0 U52ðsÞ 0 0 U55 � �
0 0 U63ðlÞ 0 0 U66 �
0 0 0 U74ðsÞ 0 0 U77

2
6666666664

3
7777777775
< 0; ðl; s ¼ 1;2;3;4Þ ð37Þ
where
�U11 ¼

�P11 þ �C1i þ �CT
1i � � �

P21
�P22 þ �C2i þ �CT

2i � �
0 0 P33 þ C1i þ CT

1i �
P41 0 0 P44 þ C2i þ CT

2i

2
66664

3
77775

�U31 ¼

�U311 0 0 0
0 �U322

�U323 0
0 0 U333 0
0 0 U343 U344

2
6664

3
7775; �U32 ¼ �D102�4D202�4

�U33 ¼ diagfN1;N2;�Q 5;�Q 6;�Q5;�Q6;�R5;�R6;�R5;�R6g
N1 ¼ diagf�2e1

�Q 1i þ e2
1

�Q 5;�2e2
�Q 1i þ e2

2
�Q6;�2e1

�Q 1i þ e2
1

�Q 5;�2e2
�Q1i þ e2

2
�Q 6g

N2 ¼ diagf�2e3
�R1i þ e2

3
�R5;�2e4

�R1i þ e2
4
�R6;�2e3

�R1i þ e2
3
�R5;�2e4

�R1i þ e2
4
�R6g

�P11 ¼ diagf �̂!1;��Q 2;0;��Q 3;0;��Q 4g; �P22 ¼ diagf �̂!2;��R2;0;��R3;0;��R4g

�̂!1 ¼ ��Q1iAi � AT
i

�Q 1i � Y1iM �MT YT
1i þ �Q2 þ �Q3 þ �Q4 þ

XN

j¼1

pij
�Q 1j

�̂!2 ¼ ��R1iCi � CT
i
�R1i � Y2iN � NT YT

2i þ �R2 þ �R3 þ �R4 þ
XN

j¼1

pij
�R1j

�U311 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
Y1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
�Q1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
Y1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
Y1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q 1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
Y1iMÞ 0 0 0 0 0

2
66664

3
77775

�U322 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p �R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p

Y2iN 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p �R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p

Y2iN 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
�R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
Y2iN 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
�R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
Y2iN 0 0 0 0 0

2
66664

3
77775

�U323 ¼

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p �R1iDi 0 0 0

0 0
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p �R1iDi 0 0 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
�R1iDi 0

0 0 0 0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
�R1iDi 0

2
66664

3
77775; �D1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q 1iWi 0ffiffiffiffiffiffiffiffiffiffiffiffi

b0d11
p

�Q1iWi 0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q 1iWi

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q1iWi

2
66664

3
77775
and the other symbols are defined in Theorem 1. Moreover, if (37) is true, the desired state estimator gain in (8) can be deter-
mined by K1i ¼ �Q�1

1i Y1i;K2i ¼ �R�1
1i Y2i.
Proof. Combining (9) and (35) and applying Schur complement, we can obtain
�Wðl; sÞ ¼

�W11 � � � � � �
U21 U22 � � � � �
W31

�U32
�W33 � � � �

U41ðlÞ 0 0 U44 � � �
0 U52ðsÞ 0 0 U55 � �
0 0 U63ðlÞ 0 0 U66 �
0 0 0 U74ðsÞ 0 0 U77

2
666666666664

3
777777777775
< 0; ðl; s ¼ 1;2;3;4Þ ð38Þ
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where
1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

M
od

e

�W11 ¼

�X11 þ �C1i þ �CT
1i � � �

P21
�X22 þ �C2i þ �CT

2i � �
0 0 P33 þ C1i þ CT

1i �
P41 0 0 P44 þ C2i þ CT

2i

2
66664

3
77775

�W31 ¼

�W311 0 0 0
0 �W322

�U323 0
0 0 �U333 0
0 0 �U343

�U344

2
6664

3
7775;

�W33 ¼ diagf�N1; �N2;�Q5;�Q6;�Q5;�Q 6;�R5;�R6;�R5;�R6g
�N1 ¼ diagf��Q 1i

�Q�1
5

�Q 1i;��Q1i
�Q�1

6
�Q 1i;��Q1i

�Q�1
5

�Q1i;��Q 1i
�Q�1

6
�Q 1ig

�N2 ¼ diagf��R1i
�R�1

5
�R1i;��R1i

�R�1
6

�R1i;��R1i
�R�1

5
�R1i;��R1i

�R�1
6

�R1ig
�X11 ¼ diagfX!1;��Q 2; 0;��Q 3;0;��Q 4g; �X22 ¼ diagfX!2;��R2;0;��R3;0;��R4g

X!1 ¼ ��Q 1iAi � AT
i

�Q 1i � �Q1iK1iM �MT KT
1i

�Q 1i þ �Q2 þ �Q3 þ �Q4 þ
XN

j¼1

pij
�Q 1j

X!2 ¼ ��R1iCi � CT
i
�R1i � �R1iK2iN � NT KT

2i
�R1i þ �R2 þ �R3 þ �R4 þ

XN

j¼1

pij
�R1j

�W311 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q 1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d10

p
�Q1iK1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
�Q 1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffi
b0d11

p
�Q1iK1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q 1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd10

p
�Q 1iK1iM 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q 1iAi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� b0Þd11

p
�Q 1iK1iM 0 0 0 0 0

2
66664

3
77775

�W322 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p �R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d20
p

Y2iN 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p �R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffi
a0d21
p

Y2iN 0 0 0 0 0
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
�R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd20

p
Y2iN 0 0 0 0 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
�R1iCi �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� a0Þd21

p
Y2iN 0 0 0 0 0

2
66664

3
77775
and the other symbols are defined in Theorem 2.
Due to
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Fig. 1. The probabilities of switching between modes.
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Fig. 2. State trajectory mðtÞ in (4).
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ðR� e�1PÞR�1ðR� e�1PÞP 0;
we can have
�PR�1P 6 �2eP þ e2R
Substituting ��Q1i
�Q�1

5
�Q1i;��Q 1i

�Q�1
6

�Q1i;��R1i
�R�1

5
�R1i and ��R1i

�R�1
6

�R1i with �2e1
�Q 1i þ e2

1
�Q 5;�2e2

�Q 1i þ e2
2

�Q6;�2e3
�R1i þ e2

3
�R5 and

�2e4
�R1i þ e2

4
�R6 into (38), respectively, we obtain
�Wðl; sÞ ¼

�W11 � � � � � �
U21 U22 � � � � �
W31

�U32
�U33 � � � �

U41ðlÞ 0 0 U44 � � �
0 U52ðsÞ 0 0 U55 � �
0 0 U63ðlÞ 0 0 U66 �
0 0 0 U74ðsÞ 0 0 U77

2
666666666664

3
777777777775
< 0; ðl; s ¼ 1;2;3;4Þ ð39Þ
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Fig. 3. State trajectory pðtÞ in (4).
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Fig. 4. State estimator m̂ðtÞ in (6).
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Denoting Y1i ¼ �Q1iK1i; Y2i ¼ �R1iK2i, then Eq. (37) can be obtained. Furthermore, the explicit expression of the desired state
estimator gain matrix is K1i ¼ �Q�1

1i Y1i; K2i ¼ �R�1
1i Y2i.
4. Simulation examples

In this section, we present an example to illustrate the effectiveness of the state estimator for the Markovian jumping
genetic networks with time-varying delays.

Consider the following uncertain Markovian genetic regulatory networks (8) with two modes [17]:
A1 ¼
1 0
0 1

� �
; W1 ¼

1 �2
0:8 0

� �
; C1 ¼

2 0
0 2

� �
; D1 ¼

1 0
0 1

� �
;

A2 ¼
3 0
0 3

� �
; W2 ¼

�1 0
1 2

� �
; C1 ¼

2 0
0 2

� �
; D1 ¼

�1 0
0 1

� �

M ¼ �1 2½ �; N ¼ �1 1½ �
In this example, the regulation function is taken as gðxÞ ¼ x2

1þx2, one can get k ¼ 0:65. The time-varying delays are assumed to
be sm ¼ 0:2; sM ¼ 3:8525; s1 ¼ 0:5, r1 ¼ 0:3;rm ¼ 0:1;rM ¼ 0:5. The transmission probability is assumed to be

P ¼ �3 3
1 �1

� �
.

Set a0 ¼ 0:2; b0 ¼ 0:7; e1 ¼ 1; e2 ¼ 1. Then, combine (37) and K1i ¼ �Q�1
1i Y1i;K2i ¼ �R�1

1i Y2i, the desired estimator parameters
can be designed as
K11 ¼
1:2468
1:3479

� �
; K21 ¼

1:1427
1:7902

� �
; K12 ¼

�1:1452
1:1136

� �
; K22 ¼

�1:0148
1:2103

� �
ð40Þ� � � �
Choose the initial conditions mð0Þ ¼ m̂ð0Þ ¼ 0:8
0:2 ; pð0Þ ¼ p̂ð0Þ ¼ 0:1

0:7 , the probabilities of switching between modes

can be seen from Figs. 1. The state trajectory mðtÞ and pðtÞ are shown in Figs. 2 and 3, respectively. The State estimator
m̂ðtÞ and p̂ðtÞ are shown in Figs. 4 and 5, respectively. The output errors �zmðtÞ and �zpðtÞ are shown in Figs. 6 and 7, respec-
tively. From Figs. 6 and 7, we can see the designed state estimator performs well.
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Fig. 5. State estimator p̂ðtÞ in (6).
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Fig. 6. Estimation error trajectory �zmðtÞ.
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Fig. 7. Estimation error trajectory �zpðtÞ.
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5. Conclusion

In this paper, we have studied the state estimation problem of a Markovian jumping genetic networks with time-varying
delays. By using the free-weighting matrix method and the LMI techniques, stability conditions have been developed in
terms of LMIs which guarantee the estimation error dynamics to be asymptotically stable. Then,the explicit expression of
the desired estimate gains are shown. Finally, a numerical example is given to demonstrate the effectiveness of the proposed
designed method.
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